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Introduction
Thanks to the 1993 SUNY-Buffalo Working Group, its 1997 sequel, and recent works by Klumpenhouwer (1994), Hyer (1995), Lewin (1996) , Cohn (1996 Cohn ( , 1997 , and Clampitt (1997), new techniques are emerging that yield fresh insight into the complexities of voice leading, especially in the music of the late-nineteenth and early-twentieth centuries.1 The resurrection of the theories of Hugo Riemann, initiated by Lewin (1982 and 1987, 175-80) and Hyer (1989) , has played an important role in the development of these new techniques. Neo-Riemannian Theory puts forth a group-theoretic approach to Riemann's ideas, and contextual transformations that operate on consonant triads are fundamental to this theory. Three of these transformations, Parallel, Leittonwechsel, and Relative (the PLR family of contextual transformations), transform the modality of a consonant triad by inverting the triad about an axis that leaves two of its pitch classes fixed, and Cohn (1997) exploited this property to advance the concept of parsimony (law of the shortest way).
Parsimonious structures (e.g., Tonnetze) generally have high degrees of symmetry and are independent of tonal centers. As a result of the metamorphosis from the tonally centered eighteenth-century diatonicism to the tonal indeterminacy of the late nineteenth century, these symmetric structures have become important theoretical and analytical tools. With this new emphasis on symmetry, it is not surprising to discover that pitchclass collections from set classes 6-20, 8-28, and 9-12-pitch-class sets abundant in their degrees of symmetry-are associated with parsimony (for convenience, we will refer to these collections as modes of limited transposition2); Cohn discusses some of these relationships in his recent articles.
In this paper we take a graph-theoretic approach to the above and construct parsimonious graphs whose vertices represent either triads or seventh chords. In Section 2 the relation definition provides the needed tool to construct these graphs. Parsimonious graphs known as mode graphs are constructed in Section 3. These graphs consist of several components, and the vertices in each of these components represent chords embedded in a particular mode of limited transposition. In Section 4 modulating between modes of limited transposition by bridging parsimonious chords in different components of a mode graph will be investigated, and this leads to the construction of two tori. One of these tori is equivalent to the toroidal version of the Oettingen/Riemann Tonnetz, and hence, all the contextual transformations (Parallel, Leittonwechsel, and Relative) can be seen on this torus.3 Moreover, these transformations have analogs apparent in the other torus, and these transformations are examined as well. A second method of modulating between modes of limited trans-242 position via a coupling chord is discussed in Section 5, and the graphs known as Cube Dance and Power Towers illustrate this type of modulation. In the concluding section the definition of parsimony will be relaxed a bit, and the graphs resulting from the loosening of this definition will be investigated. Analytical implications of patterns of chord sequences embedded in parsimonious graphs are also discussed in this section.
The Relation Definition and Parsimony
The definition of parsimony is still evolving and, at present, not completely consistent. Richard Cohn (1997) restricts the definition of parsimony to trichords, and in the context of the usual modulo 12 system he confines his attention to the set class of consonant triads. Two triads are parsimonious if they have precisely two pitch classes in common. This results in the displacement of the remaining pitch class by interval class 1 or 2 (a half step or a whole step). Adrian Childs (1998) considers parsimonious seventh chords from the set class 4-27. In this case, two seventh chords are parsimonious if they have two pitch classes in common, and the remaining pitch classes can be paired so that the pitch classes in each pair differ by interval class 1. The differences between these approaches are obvious, but they are consistent in that common tones are required to remain fixed, while the other tones are allowed to move by no more than interval class 2. With this in mind we make the following definition: To put this definition in musical terms, when X and Y are conceived as chords, the tones common to both X and Y remain fixed, and of the remaining tones (there will be m + n of them), m of them move by a half step and n by a whole step.4 Figure 1 depicts four different scenarios for consonant triads and how they relate in accordance with this definition. Note also that this definition implies that Pm,n-related chords have the same cardinality (since t is bijective), but they need not be in the same set class.5
This relation definition leads to a somewhat flexible interpretation of parsimony. For example, for Cohn, parsimonious chords are consonant triads that are either P1,0-or P0,1-related, while Childs defines a parsimonious pair as seventh chords in set class 4-27 that are P2,0-related. This flexibility is convenient in that it permits one to explore parsimonious structures of varying types and degrees, depending on particular objectives.6 In Sections 3, 4, and 5 our definition of parsimonious chords will be confined to chords that are either P1,o-or P0,1-related. We will employ these two types of parsimony (P1,o-parsimony and Po,1-parsimony) separately or together, depending on our objectives. In the last section we will admit P2,0-related chords into our definition of parsimony. Parsimonious graphs are graphs whose vertices represent members of a given family of chords and whose vertex adjacency is governed by some parsimony-related rule. For example, consider the family 7 = {C,Ab,G,c,E7 }, and suppose the rule governing adjacency on this family is that two vertices are connected by an edge if their corresponding chords are PI,o-or P2,0-related. Then since C P2,0 Ab P1,o c P1,o C and G and E7 are not P1,o-or P2,0-related to any chord in 7, the graph of T7 induced by P1,o and P2,0 consists of a triangle whose vertices represent C, Ab, and c and two isolated vertices representing G and E7 (Figure 2 ). We will also consider the union of parsimonious graphs to be a parsimonious graph.
Although we will focus on graphs that are essentially independent of diatonic influence, it should be noted that some parsimonious graphs are strongly influenced by diatonicism. Most notably, the graph of set class 7-35 induced by P1,0 is the cycle offifths and belongs to a family of generalized cycles offifths referred to by Cohn as unidirectional P-cycles.7
Mode graphs
We begin by constructing four basic parsimonious graphs. Since each of these graphs is separated into components whose vertices represent chords embedded in a particular mode of limited transposition, these graphs will be referred to as mode graphs. The modes of limited transposition associated with these graphs are the hexatonic (from set class 6-20), octatonic (8-28), and enneatonic (9-12) sets. The prefixes to the names assigned to these mode graphs indicate the associated modes of limited transposition. The parsimony that induces the first two mode graphs (one for triads and the other for seventh chords) is restricted to P1,0-parsimony, and the construction of the second parallels that of the first. Both types of parsimony are needed to induce the last two graphs, and these graphs will parallel in construction as well.
HexaCycles
Let T1 be the family of all trichords whose step-interval sequences are permutations of 3, 4, and 5. Whence, T1 is the set class of all consonant triads. We call the graph of T1 induced by P1,o HexaCycles, and its components are hexatonic cycles for triads ( Figure 3 
EnneaCycles
In this case 61 must be subdivided into four subfamilies, 61,1, 61,2, 91,3, and S1,4, such that each subfamily consists of the seventh chords embedded in a particular enneatonic set. It is easily verified that these subfamilies partition S1. The graph EnneaCycles is the union of the graphs of S1,k (k=1,2,3,4) induced by P1,o and Po,1 (Figure 6 ). These cyclic components are called enneatonic cycles, and the enneatonic set in which the seventh chords in each of these cycles are embedded is listed under the cycle.
The tori
One method of modulating between modes of limited transposition is to bridge components of a mode graph. This is done by joining parsimonious chords in separate components with an edge. This transforms the above mode graphs into two tori, one for triads and the other for seventh chords. There are two other generated chains of transformations to be noted. The 24-cycle of alternating dotted and dashed edges (a hamiltonian cycle, since it passes through each vertex in the Chicken-Wire Torus exactly once) is induced by the binary-generated chain <LR>. This cycle is the union of all the hexatonic and octatonic bridges. As such, the triads in this cycle move quickly through the hexatonic and octatonic sets, resting only briefly in any one set.
The last chain to be discussed here is the ternary-generated chain <LPR>. This chain induces the twelve hexagonal faces (6-cycles) in the Chicken-Wire Torus. The triads in each of these cycles have a single pitch class in common, and this pitch class becomes the name of the hexagonal face.
Note that if the hexatonic bridges (Relative) are cut from the ChickenWire Torus then the torus reduces to HexaCycles, and if the octatonic bridges (Leittonwechsel) are cut, the torus reduces to OctaCycles. Cutting P reduces the torus to the 24-cycle induced by <LR> (the union of the hexatonic and octatonic bridges). As can be seen from the above, the Chicken-Wire Torus provides a convenient picture that shows how consonant triads interact within the web of modes of limited transposition and parsimonious voice leading.
The Towers Torus
The Towers Torus is the torus of S61 induced by P1,o and Po,1 shown in Figure 8 . Its name comes from the fact that the circuits of quadrilaterals (square faces) hinged by minor seventh chords are the octatonic towers in Figure 4 . To realize this torus, bend the upper and lower edges around so they meet, thus making an open-ended cylinder. Then pull the left and right ends of this cylinder around to form a donut. But before joining the ends, twist one end of the cylinder one-fourth of a revolution so that the corresponding chords on each end line up. As in the case of the ChickenWire Torus, this twist is important to the group symmetries of the Towers Torus, which will be discussed at the end of this section.
There are Parallel*, Leittonwechsel*, and Relative* contextual transformations for seventh chords that are analogous to the unstarred transformations for triads. In the Chicken-Wire Torus the transformation P The ternary-generated chain <P*P*R*> is analogous to the <PR> chain. The cycles induced by this chain partition Towers Torus into the four enneatonic cycles, similar to the way that the cycles induced by the <PR> chain partition the Chicken-Wire Torus into the three octatonic cycles.
Paralleling the cycle of triads induced by <LR>, the two 18-cycles induced by the ternary-generated chain of transformations <L*L*R*> are the union of all the octatonic and enneatonic bridges. Whence, the seventh chords in these cycles pass quickly through the octatonic and enneatonic sets, settling only briefly in any particular set.
There are two other ternary-generated chains, <L*P*R*> and <PTL*R*>. The cycles induced by these chains are 36-cycles and appear to have no particularly relevant analog in the Chicken-Wire Torus. Although they are similar to the cycle of triads induced by the <LR> chain in that they are hamiltonian cycles, they lack the more important property of being the union of the octatonic and enneatonic bridges.
There As in the case of Cube Dance, the numbers inclosed in squares that surround this graph are the sum classes of the transpositionally equivalent seventh chords adjacent to the numbers and are discussed by Cohn (1998).
Cube Dance and Power Towers Another method of parsimonious modulation between modes of limited transposition is to introduce a chord that belongs to none of the components in a given mode graph but is P,,0-related to chords in two or
This graph illustrates how diminished seventh chords function as couplings between octatonic towers, thus providing a way to modulate between octatonic sets. Similar to the augmented triad in Cube Dance, the diminished seventh chord coupling two octatonic towers is embedded in both associated octatonic sets. Diminished seventh chords are only adjacent to dominant and half-diminished seventh chords, and if the coupled seventh chords are in different towers they are related by inversion, and if they are within the same tower they are related by transposition.
Although augmented triads and diminished seventh chords as coupling chords offer maximum connectivity between components of the mode graphs, diminished triads, major seventh chords, and many other trichords and tetrachords can also serve as coupling chords.
Applications and extensions
Cohn's recent articles on maximally smooth cycles and hexatonic sets (1996) and on neo-Riemannian operators (1997) include many interesting analyses of passages by Beethoven, Brahms, Franck, Liszt, Mahler, Schubert, and Wagner. In the latter article, Cohn plots several of the triadic sequences found in the works of these composers on the Tonnetz, which, as discussed in the fourth section, is equivalent to the ChickenWire Torus. If a sequence of triads plotted on either of these graphs produces a simple pattern then there is an implied musical structure. When plotted on the Chicken-Wire Torus the following three sequences (originally plotted in Cohn 1997 on the Tonnetz) are simple illustrations of this.
The first example is a sequence from the first movement of Brahms's Concerto for Violin and Cello. The sequence is (Ab, g#, E, e, C, c C, a, F, d, B, g, Eb, c, Ab, f, Db, bb, Gb, eb, B, g#, E, c#, A) . From a diatonic standpoint, this sequence passes quickly through the keys, without establishing any particular tonality. But what can be said of its relationship with hexatonic and octatonic sets? Recalling that the <LR>-generated cycle (the alternating dotted and dashed edges on the Chicken-Wire Torus) is the union of all the hexatonic and octatonic bridges (Section 4), this sequence passes even more rapidly through the hexatonic and octatonic sets, resting for no more than two consecutive triads in any one set. This sequence is notable in that there is no more efficient way of avoiding modes of limited transposition.
As of yet a search for analytical examples of P1,0-and Po0,-related seventh chords has not been made. However, Lewin (1996) and Childs (1998) have given us insight into the works of Chopin, Scriabin, Wagner, and Stravinsky by exploiting P2,0-parsimony for seventh chords. For example, Lewin (1996) applies P2,0-parsimony to the famous Wagnerian sequence (F07, E7, Ab07, G7, D07, B7 14 The seventh chords in each crosssection can be found embedded in the octatonic set listed below them.
If a non-musical observer were asked to use Pipeline to trace the Tristan sequence and determine a pattern, the observer might note the following:
The path oscillates between an even-numbered cross-section (crosssection 2) and the odd-numbered cross-section to its right (crosssection 3), except at the last seventh chord, which appears in the cross-section to the left of the initial even-numbered cross-section (cross-section 1). This analysis holds any time the pattern observed by the non-musician appears in Pipeline. At this point it is uncertain whether this graph-theoretic interpretation is equivalent to or in addition to the sequential symmetry observed by Lewin. In support of the former, Lewin (1996, 209) points out that similar sequential symmetries can be found in other Wagnerian passages, including one from the opening of the Immolation Scene with the sequence (A7, G07, C7, B607, E67, C#07, C#7). It is easy to see from Figure 1 la that this sequence also follows the same pattern as that observed by the non-musician. Thus, the analysis given for the first Tristan sequence applies to this one as well.16 P2,0-parsimony also induces some interesting triadic structures. For example, we call the graph of T2 induced by P2,0 Weitzmann's Waltz (Figure 12) . The four hexagonal structures consisting of consonant triads are the graph-theoretic representations of octahedra, and the consonant triads in each are those that make a Weitzmann region (sum-class corner) discussed by Cohn (2000 Cohn ( , 1998 .17 Although each consonant triad can be found embedded in two enneatonic sets, there is precisely one enneatonic set in which all six consonant triads of a given octahedron are embedded, and these enneatonic sets are listed alongside their corresponding octahedra in Figure 12 . Modulating between enneatonic sets is accomplished by coupling pairs of octahedra with augmented triads that are P2,0-related (0,1,3,4,5,7,8,9,11)   (0,2,3,4,6,7,8,10,11 The visual aspects of these graphs can also prove useful in analysis. Simple patterns observed in these graphs imply a musical structure involving an interaction between parsimony and modes of limited transposition, and this structure can be grasped by an understanding of the graph's construction. In some cases (as in the given examples of sequences from Wagner's Tristan) these musical structures might otherwise be difficult to observe. This suggests that parsimonious graphs might prove useful in revealing other musical structures previously hidden in the complexities of late nineteenth-and early twentieth-century voice-leading. P-cycles. In his article on Cohn functions, Lewin (1996) has constructed an algorithm that, when restricted to P1,0-related sets, generates all set classes whose induced graphs consist of P-cycles. 8. The Chicken-Wire Torus also appears in the toroidal structures generated by the psychological test data on neo-Riemannian transformations discussed in Krumhansl 1998. 9. For example, half-turns about the centers of the tritone faces 1 or 7 or about the midpoints of the R edges incident to d and F, or ab and B, leave these faces and edges fixed (see Figure 7a) 
As originally presented by Douthett at the 1993 meeting of the SUNY-Buffalo
Working Group, French-sixth chords were also included in this graph. With the inclusion of both French-sixth and diminished seventh chords, each of the three octatonic towers is transformed into a 4-cube (4-dimensional cube), and Power Towers becomes a 4-Cube Trio (three 4-cubes joined at diminished seventh chords to form a circuit). 13. To put this in terms of Childs's C transformations, each family of four seventhchords that make up a cross-section in Pipeline is an orbit of the set class 4-27 under the group of C transformations. To put this in terms of the Parallel*, Leittonwechsel*, and Relative* transformations, these families are the collection of orbits of the set of half-diminished seventh chords under the group generated by PIL* (={ (PIL*)k} -o) and the orbits of the set of dominant seventh chords under the group generated by P*L*. Whence, these transformations partition these families into "half-diminished" and "dominant" orbits. By employing the work of Cohn (1998) there is yet another way to characterize these families. They are the six sum classes of set class 4-27. Precisely how these three characterizations relate to one another has not yet been worked out. 14. Note that not every pair of consecutive seventh chords in the Tristan sequence consists of P2,0-related seventh chords; one pair contains P0,1-related seventh chords, and those in another pair are P4,0-related. Technically, the adjacency rule should include Po,1-and P4,0-related pairs as well. However, these inclusions would unnecessarily complicate Pipeline by increasing the number of edges between adjacent cross-sections, and it would have no effect on our observations and analysis that follow in the text. 15. The curious reader might find it interesting to compare our analysis with that of Boretz (1972, 159-217). 16. It can be seen from Cohn's (1998) work on sum classes that there is another observation equivalent to that made by the non-musician and the analysis following that observation. Considering only the seventh chords in set class 4-27, the sequences mentioned oscillate between seventh chords whose total pitch-class sums (modulo
